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Abstract 

We extend the theory of spinor class field and representation fields 
to any linear algebraic group over a global function field satisfying 
some technical conditions that ensure the existence of a suitable spinor 
norm. This is the analog of a result given by the author in the number 
field case. Spinor class fields can still be defined for lattices defined 
over a projective curve in a sheaf-theoretical context. Spinor genus is 
a rather weak invariant in this context, by it can be used to study the 
behavior of the genus at affine subsets. Examples are provided. 



1 Introduction 

Let n be a positive integer and let A; be a number field with ring of integers 
Ok- Every conjugacy class of maximal orders in the matrix algebra M n (fc) 
has a representative of the form D n (I) = (I Sl,i ~ Sl,j )i,j, where {h,j)i,i is the 
lattice of matrices {a%J)ij satisfying G Jjj for ideals 1^ ([9], p. 18), i.e., 

( O T \ ( O h I I 
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Two such orders D n (I) and Q n (V) are conjugate if and only if J n l'l~ x is 
principal for some fractional ideal J of k ([9], p. 23). It follows that the set 
of conjugacy classes of maximal orders in M n (/c) is in correspondence with 
the quotient £)/$j n of the class group g of k. In [4] we extended this theory to 
the case where k is a global function field and Ok is an arbitrary Dedekind 
domain whose field of quotients is k. We can even consider the projective case 
if we replace the ring Ok by the structure sheaf Ox of a smooth projective 
curve X whose field of rational functions is k, and we interpret maximal 
orders and ideals in the preceding statements in a sheaf-theoretical setting. 
In that context, it can only be proved that every spinor genera of maximal 
orders can have a representative of the form D n (I). In fact, the existence of 
non-split maximal orders in ~th of all spinor genera is a consequence of the 
Theory of representation by spinor genera O- In this article we extend this 
theory to any group having an apropiate spinor norm, as it was done for the 
number field case in [TJ. 

Let X be a smooth projective curve over a finite field F. Let K(X) be 
the field of rational functions on X, and let G be an algebraic subgroup 
of Autx(x)V, for some X(X)-vector space V. Let C be an arbitrary non- 
empty Zariski-open subset of X. We allow the case C = X. Let A and M 
be C-lattices on V. We say that A and M are: 

1. in the same G-class if g(A) = M for some g G G, 

2. in the same G-genus if for every point p G C there exists an element 
g p G G p such that g p (A p ) = M p , where A p and M p denote the com- 
pletions at p, 

3. in the same G-spinor genus if there exists a lattice P satisfying the 
following conditions: 

(a) There exists an element h G G such that h(A) = P, 

(b) For every point p G C there exists an element g p G G p with trivial 
spinor norm (§2]) such that g P (P p ) = M p . 

Spinor genera and classes coincide whenever G is non-compact at some infi- 
nite point of C if any (Proposition [7j). In §|3] we prove the following result: 

Theorem 1. Let G be any semi-simple linear algebraic group G, defined over 
the field of functions K = K(X) of a smooth projective curve X . Assume G 
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satisfies the technical conditions SN and RU in§^ below. Then the set of G- 
spinor genera in the G -genus of any C -lattice A is a principal homogeneous 
space over the Galois group Q of an Abelian extension Tr^/K{X) called the 
spinor class field of the lattice A. This extension splits completely at every 
infinite point of C if any. If D C C is open and M is the restriction of 
A to D as a sheaf (or equivalenlty the Ox{D) -lattice generated by A), then 
Yfjl/K(X) is the maximal subextension ofT^/K{X) splitting at every place 
in C\D. 

In other words, we have a natural action of Q on the set Q of spinor 
genera in the genus, and for every pair of lattices (M, N) there exists a 
unique element p(M, N) G Q taking the spinor genus of M to the spinor 
genus of N . The map p satisfies the relation p(M, P) = p(M, N)p(N, P) for 
any three lattices M, N, and P in the genus. The class field £ A depends 
only on the genus of the lattice A. 

Example A. Assume q is odd. Let {Ci}™ =l be an affine cover of an 
irreducible smooth projective curve X over ¥ q . For i = 1, . . . , m, let Aj be 
a Cj-lattice in a fixed regular quadratic or skew-hermitian i^(X)-space W. 
Assume that the completions A iiP and Aj yP coincide whenever peCjD Cj. 
Then there exists a class field S such that, for every affine subset D of X, if M 
is the D-lattice satisfying M p = A i>p for p e CiHD, then the spinor class field 
is the maximal subfield of £ splitting completely at the infinite places 
of D. We simply define E as the spinor class field of the lattice obtained by 
pasting together the lattices Aj as sheaves. 

It is apparent that E D E^* 1 • • • E A m , but equality does not need to hold. 
For example, assume X = P 1 (F g ) = C\ U Gi with either affine. Let A 
be a free X-lattice with a basis V\, . . . , v n for some n > 3, and let Aj be the 
restriction of A to Cj, for i = 1,2. Let Q be the quadratic form defined by 




Then every spinor genus has a representative of the form 



n-2 




i=l 
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for a suitable ideal /.This shows that S A * = K(X) for either affine set Cj, 
but we claim that E must contain a quadratic extension. The claim follows 
by considering an open subset D isomorphic to the rational affine curve with 
equation y = P(x, y) where P is an irreducible quadratic form on ¥ q [x, y\. It 
suffices to prove that the class group of the ring Ox{D) has even order. In 
fact, the ideal / = (x, y) is not principal, but I 2 = (y), as an easy computation 
shows. 

In fact, the spinor genus of the lattice L(I) can be computed from the 
divisor class defining the ideal /. We show in §H that not every class of 
lattices in the genus of L{Ox) has a representative of this type. We do this 
by extending the theory of representation fields to the sheaf setting. When 
strong approximation fails, as is always the case for X-lattices, representation 
fields give only information on the number of spinor genera representing a 
given lattice. Just as in the number field case, representation fields might 
fail to exists, but they do exist in many important families of examples. 

2 Spinor norms 

To fix ideas, let X be the irreducible smooth projective algebraic curve de- 
fined over a finite field F = ¥ q , and let K(X) be its field of rational functions. 

We say that a semi-simple linear algebraic group G C GL^n, K(X) j , defined 

over K(X), satisfies condition SN if: 

1. The extension of the universal cover : G — )■ G of G to any separably 
closed field E containing K(X) is surjective. 

2. For almost all points p G X, any integral element g of the completion 
G p has a pre-image in Gz for some unramified extension Z/K p . 

Let F = ker <f> be the fundamental group of a semi-simple group G satisfy- 



ing condition SN. The cohomology function 9 : G — > H 1 ( K(X), Fe ) arising 



from the short exact sequence Fe Ge -» G\e, where E is the separable 
closure of K(X), is called the spinor norm. It is also defined at any field 
containing K(X). The spinor norm on a completion K p of K(X) is denoted 
dp. There exists also an adelic version of the spinor norm. It is the map 
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where G A C Jlp^p i s the adelization of the group G [12] . 

Lemma 1. For any semi-simple group G satisfying condition SN the spinor 
norm is surjective over K(X) and over any localization K p . 

Proof. Recall that H\K, G) = {1} for both, the global field K = K(X) and 
the local field K = K p [T7] . Now the result follows by applying cohomology 
to the short exact sequence Fe Ge -» Ge, where is the separable 
closure of or K p . □ 

Let E be the separable closure of K(X). In what follows, we say that G 
satisfies condition RU if it satisfies the following conditions: 

1. The fundamental group Fe of Ge is cyclic, and its order n is not 
divisible by the characteristic of F. In particular, it is isomorphic to 
the group fi n of n-roots of unity in E. 

2. There exists an isomorphism between Fe and \x n commuting with the 
natural action of the Galois group Gal^E/K(X) J on either group. 

Condition RU implies that H 1 (K(X),F E j = K (X)* n / K (X)* . Note that if 
E(p) is the separable closure of K p , then F E ( P ) = F E , since K p contains no 
inseparable extensions of K(X) ([I5j. §VIII.6.). It follows that H x {K p , Fe) = 
K; n /K* p for any p G X. 

Lemma 2. For any semi-simple group G satisfying conditions SN and RU 
the image of the adelic spinor norm G is contained in Jxj J\, where Jx is 
the idele group of K(X). 

Proof. Observe that for any extension E/K p such that a given element g G 
Gk p = G p is in the image of the cover <fi : Ge —> Ge, the spinor norm 9 p (g) 
can be computed from the short exact sequence Fe ^ Ge -» whence 
it lies in H 1 {E/K p ,Fe) = (E* n n K* p )/K* n . The latter isomorphism is just 
the coboundary map of the short exact sequence Fe > E* -» E* n . 

By condition SN every g G Gq p is the image of some h G Ge for some 
unramified extension E/K p , for almost all points p G X. This implies 

e p ( 9 ) g (E* n n K;)/K* p n c o;x; n /K; n , 

whence p (G Op ) C 0* p K* p n / 'K* n for almost all p. □ 

5 



The automorphism groups of the structures mentioned in the introduction 
indeed satisfy these conditions. 

Lemma 3. Orthogonal groups of regular quadratic forms and unitary groups 
of regular quaternionic skew-hermitian forms satisfy conditions SN and R U 
if the characteristic of the base field ¥ is not 2. 

Proof. The universal cover of the Orthogonal group of a quadratic space 
(V, q) over a field K whose characteristic is not 2 is the spin group Spin(g). 
It is defined as the set of elements u in the Even Clifford Algebra C + (q) [TT] 
satisfying uu = 1 and uVu~ x = V. Condition RU follows since any element 
u in the spin group satisfying uvu" 1 = v for any v G V is in the base field 
K{X) ([H], §54:4), whence uu = 1 implies u — ±1. 

If the field E D K is separably closed, then every product of two symme- 
tries t v t w is the image of -, = G Spin(g)£. This elements generate the 

\Jq(v)q(w) 

special orthogonal group [TT]. Furthermore, if K = K p is a local field and q 
is a unimodular integral quadratic form at p, the integral orthogonal group 
is generated by products of 2 reflections t v t w where q{v) and q(w) are units 
fllll. §92:4), whence , = is defined over an unramified extension. 

For unitary groups of quaternionic skew-hermitian forms the proof follows 
from the previous case, since any quaternion algebra splits on some separable 
quadratic extension of K(X) ([14] . Thm. 7.15), which ramifies at only finitely 
many places (Theorem 1 in § VIII. 4 of [18]), and the unitary group of a skew- 
hermitian form on a split quaternion algebra is isomorphic to an orthogonal 
group ([7], Lemma 3). □ 

A similar result can be proved for the automorphism group of a central 
simple algebra of dimension n 2 when n is not divisible by the characteristic 
of F. However, we have a stronger result: 

Lemma 4. If G is the automorphism group of a central simple algebra 2t ; 
the reduced norm map = N : G& — > Jx/Jx satisfies the conclusions of 
Lemma [H and Lemma U\ regardless of the characteristic. 

Proof. See (US], §X.2, Prop 6) and ([18], §XI.3, Prop 3) for Lemma UJ 

Passing to a separable extension if needed we assume that 21 is isomorphic 

to a matrix algebra Wlt\K(X)\ Restricting to a smaller set of points p if 

needed, we assume that the isomorphism maps the standard basis of the 
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matrix algebra to a basis of the lattice of integral elements in 21. Then the 
integral elements of G are just the automorphisms of M. t (K p ) fixing M. t (O p ), 
i.e. PGL(n, O p ). Any element g G PGL(n, O p ) has reduced norm in 0* p K* p 
and the conclusion of Lemma [2] follows. □ 

We define the spinor norm for the automorphism group of an algebra 21 as 
the reduced norm as above. When char(F) divides n, the map SXi(21e) — > 
Aut£2lg fails to be surjective, so we cannot interpret the spinor norm as 
a co-boundary. However, the explicit construction of is not used in the 
remaining of this work. 



3 X-lattices 

In this section we recall the properties of X-lattices that are used in the 
sequel. Let X be a smooth irreducible projective curve over a finite field F. 
Let K = K(X) be the field of rational functions on X, and for every place 
p G X we let K p be the completion at p of K. We let O p be the ring of 
integers at p, i.e., the completion of the ring of rational functions defined at 
p. Let V be a vector space over K. A coherent system of lattices in A is a 
family {A p } peX satisfying the following conditions ([IB], Ch. VI, p. 97): 

1. Every A p is a O p -lattice in V p . 

2. There exists an affine set C C X and a lattice L over the ring Ox{C), 
of rational functions defined everywhere in C, such that L p = A p for 
every p G C. 

Let V& be the adelization of the space V, and let us identify V with a discrete 
subgroup of Va as in [18]. Then for any coherent system A = {A p } pe x, the 
product A A = ripex ^p * s an °P en an d compact subgroup of V&, and every 
open and compact 0A-submodule of V& arises in this way ([18J, §VI, Prop 
1). For every affine subset C of X we define A A C < = n p ex\c x ripec^p- 
Then A(C) = A^c H V defines a sheaf A on X. We call a sheaf of this 
type an A-lattice. Equivalently, an A-lattice is a locally free sub-sheaf of V, 
where V is identified with the corresponding constant sheaf. Thus defined, 
A-lattices share some of the properties of usual lattices, namely: 

• An X-lattice A is completely determined by the coherent system {A p } p . 



7 



• A coherent system can be modified at a finite number of places to 
define a new X-lattice. In particular, X-lattices can be denned by 
gluing together lattices defined over an affine cover. 

• The adelization GL&(V) of the general linear group GL(V) of V acts 
on the set of lattices by acting on the family of compact and open 
0A-submodules of 

• If V = 21 is an algebra, an X-lattice D is an order (i.e., a sheaf of 
orders) if and only if every completion is an order. The same holds for 
maximal orders. 

For the proofs see [TT] or [T2J3- For any linear algebraic group acting on the 
space V, we have an induced action of the adelic group on the set of X- 
lattices in V. Two X-lattices are in the same G-genus if they are in the same 
orbit under this action. Similarly, classes are characterized as G^^-orbits 
and spinor genera as G^(y)ker(B)-orbits. It follows from our main theorem 
that there exist only a finite number of spinor genera in a genus for any group 
G satisfying SN and RU. On the contrary, the number of classes in a genus 
is frequently infinite, as in the examples we show in §U 

Note that X-lattices are locally free sheaves over the structure sheaf of 
X, and therefore they are associated to vector bundles [5]. The assumption 
made here that an X-lattice is contained in the constant sheaf V is not 
restrictive since for any locally free sheaf A on X the sheaf V = A ®o x K 
is constant and a finite vector space over K. Furthermore, any isomorphism 
between two X-lattice in a space V can be extended to a linear map on V, 
whence next result follows: 

Proposition 5. The set of isomorphism classes of vector bundles of rank n 
over a curve X defined over a finite field is in correspondence with the set of 
double cosets GL(K, n)\GL(A K , n)/GL(0 A , n). □ 

It is not true in general that this set of double cosets is finite or that 
their elements are parameterized by their images under the reduced norm 
as it is the case for lattices over affine subsets. This follows easily from the 
classification results for vector bundles over arbitrary fields. See for example 

0- 

1 Although [T^] assumes characteristic throughout, this hypotheses is not used for the 
results quoted here. 
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An X-lattice A in a space V is completely decomposable if A = ® i Jjt>j, 
where {vi, . . . , v n } is a basis of the space V and J\, . . . , J n are X-lattices in 
K(X). Note that every such lattice has the form J, = £ Bi , where 

div(f)\c>-B\ c }, 

for some divisor B on X. Not every X-lattice is completely decomposable, as 
follows from the corresponding result for vector bundles ||5J. In next section 
we need the following result: 

Lemma 6. There is a correspondence between conjugacy classes of maximal 
X -orders in M. n (K) and isomorphism classes of n- dimensional vector bundles 
over X up to multiplication by invertible bundles. 

Proof. Since all maximal orders are locally conjugate at all places, any max- 
imal X-order on 21 has the form bDob~ l where b G 21a is a matrix with adelic 
coefficients and S5o — M n (Cx) is the sheave of matrices with regular coeffi- 
cients. We know that the adelization 3)oa is the ring of all adelic matrices 
c satisfying c{O n x ) = O n x . It follows that bDob' 1 is the rine; of all adelic 
matrices c satisfying cA = A where A = bA = b(0\). Since the stabilizer 
of a local order D p is D* p K*, it follows that two X-lattices Ai and A 2 corre- 
sponds to the same maximal order, if and only if Ai = dA2 for some d in the 
group Jx of ideles on X. The result follows since the idele d generates the 
invertible bundle £- div M. □ 

Note that split orders correspond to completely decomposable bundles. 
In particular, not all maximal orders are split. 

Proof of Theorem Q] The set of spinor genera in a genus is in one to 
one correspondence with the Abelian group 

G A /GlG K(v) ker(e). (1) 

If the group G satisfies condition RU, then H(K p , F) = K*/K* n . By Lemma 
121 the image of is contained in J X J J X i where Jx is the idele group of K(X). 
Since the spinor norm is surjective in both K(X) and K p (Lemma [TJ, the 
group ([[)) is isomorphic to Jx/K(X)*H(A), where H(A) is the pre-image in 
Jx of the group Q(G%) C J x /J x - We let be the class field associated to 
the open subgroup K(X)*H(A) ([18], §XIII.9). The set of G-spinor genera 



Z B {C) = {/ G K(X) 



9 



in the G-genus of A is a principal homogeneous space, via Artin Map, for the 

group Q = Ga\{r^/ K{X) s j . The element of Q sending the spinor genus of 

an X-lattice M to the spinor genus of a second AT-lattice M' is defined by 
p(M, M') = [a, Y, A /K(X)), where x i-> [x, E A /K(X)] denotes the Artin map, 
and a is any element of Jx satisfying 6(g) = aJ x for some g G Ga such that 
M' = g(M). The las statement follows from the identity 

H(L) = H(A) ( J] 6 P (G P ) I = H(A) ( J] K% , , 

which follows from condition SN and the surjectivity of 9 p . □ 

Example A (continued). Let A be the free X-lattice with basis {t>j}™ =1 in 
the quadratic space described in the introduction. Then Sa = L(t), where L 
is the only quadratic extension of F, by a straightforward local computation. 
To find a representative in every spinor genus we observe that the adelic 
orthogonal element g = a(A) defined by g p iyi) = Vi for i = 1, ... ,n — 2, 
9 P {v n -i) = A p u„_i, and g p (v n ) = A" 1 ^ has spinor norm A = (X p ) p . Bow 
take u G Jx, and let B = div(-u) be the corresponding divisor. To find 
a representative L u of the spinor genus corresponding to the class of u in 
Jx/ JxH{A) we set X = u above, whence 

n-2 

L u = a(u)A = _L O x Vi 1 (£ B ?v_i © £~ B v n ). 
i=i 

Note that L u = L(B) depends only on the divisor B of u. 

Proposition 7. Assume that C is a (necessarily proper) open set such that 
Gx\c i s non-compact. Then two C -lattices N and M in the same G -genus 
are in the same G-class if and only if p(N, M) is the trivial element in 

Ga\(j:%/K(X) 



Proof. By the strong approximation theorem over function fields [13], the 
universal cover G of G has the strong approximation property with respect 
to the set S = X\C. Assume that p(N, M) is trivial. Then N and M are 
in the same spinor genus, i.e., there exist g G G and h G kerG such that 
gh(N) = M. Then any pre-image h of h can be arbitrarily approximated 
by an element / in G whose image / G G approximates h. Since lattice 
stabilizers in G& are open, the result follows. □ 
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Note that in example A, the group G has strong aproximation with re- 
spect two every non-empty finite subset of X. It follows that two lattices are 
in the same spinor genus if and only if they are conjugate over every afline 
subset of X. 

Corollary 7.1. LetD andD' be two maximal C -orders in the central simple 
algebra 21 that is not totally ramified at one or more infinite places of C . 
Then D and D' are conjugate if and only if p(T),D') = id. 

Corollary 7.2. Assume char(F) ^ 2. Let N and M be two C-lattices in the 
quadratic space W of dimension at least 3 (or a skew-hermitian space of rank 
at least 2) that belong to the same genus. Assume that W is isotropic at one 
or more infinite places of C . Then N and M are in the same G-class if and 
only ifp(N, M) = id. 

Next corollary follows now from ([H], p. 170) and ([IS], p. 363). 

Corollary 7.3. Let N and M be two C-lattices in the quadratic space W of 
dimension at least 5 (or the skew-hermitian space W of rank at least 4 ) that 
belong to the same genus. If C is any proper open subset of X , then N and 
M are in the same G-class if and only if p(N, M) = id. 

Recall that the space A(X) of global sections of a lattice A is a finite 
dimensional vector space over finite field F = Ox{X) ([IB], Chapter VI). 
Furthermore, for any n-linear map r : V n — > W satisfying r (A n ) C M, 
where A is a lattice in V and M is a lattice in the _fT(X)-vector space W, 
there exists an induced map (r) : A(X) n — > M(X) that is n-linear over F. In 
particular: 

1. If A is an order, then X(X) is a F-algebra. 

2. If A is an integral quadratic lattice, then A(X) is, naturally, a quadratic 
space over F. 

This observation is used throughout next section. 

Example: Maximal orders in M^-fT). If n — 2 every split maximal 
order has the form 
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where B is a divisor of X defined over F. If B is a principal divisor, the ring 
of global sections Db{X) is isomorphic to the matrix algebra M 2 (F). If B is 
not principal, then £ B and 2,~ B cannot have a global section simultaneously. 
In fact, if div(/) + B > and div(g) - B > then B = div(g) = div(/- 1 ). 
We conclude that either J) B (X) = F x F or D B {X) = (F x F) © V, where 
V is an ideal of nilpotency degree 2. Note that the dimension of V tends to 
oo with the degree of B by Riemann Roch's Theorem, whence we conclude 
that there exist infinite many conjugacy classes of maximal X-orders in 21. 
In fact, we can give a more precise result: 

Proposition 8. The maximal orders ®b and Dd defined in the previous 
example are conjugate if and only if B is linearly equivalent to either D or 
-D. 

Proof. If B is principal, and if Db is conjugate to Dp, we must have D d {X) = 
M2(F), and therefore D is principal. We can assume therefore that neither 
B nor D is principal. Replacing B or D by — B or — D if needed, we may 
assume B, D > 0. Let U be a global matrix such that 'Db = UD D U~ l . 
From the explicit description of Db{X) given earlier, we conclude that the 
F- vector spaces £ S (X) and £ D (X) have the same dimension. Furthermore, 
if Wb and Wd denote the i^-vector spaces spanned by Db{X) and Dd{X) 
respectively, then Wb = UWdU^ 1 . There are two cases two be considered: 

1. If £ B (X) ^ {0}, then W B = W D = KE hl © KE 2t2 © KE h2 . 

2. If £ B (X) = {0}, then W B = W D = KE lyl © KE 2y2 . 

In the first case, we conclude that U has the form ^ ^ * J . In particular we 
must have 

2- B E 2A = E 2t2 D B E 1A = E 2>2 {UD D U- l )E hl = a^c^E^. 

We conclude that B = D + div(ac _1 ), and therefore B and D are linearly 
equivalent. In the second case U has either the form f ° M , which is similar 

to the previous case, or the form ^ ° ^ J , so that £> = — D + div(ac~ 1 ), and 
B is linearly equivalent to —D. □ 



12 



4 Representation fields 



Let A be an X-lattice in a X(X)-vector space V as before, and let M be 
an X-lattice in a subspace W C V. We allow the case V = W. Assume 
M C A in all that follows. Assume that G is a semi-simple linear algebraic 
sub-group of GL(V) satisfying the conditions SN and RU. Following the 
notations in [1] we call an element u G Ga a generator for A|M if M C ttA. 
Local generators are defined analogously. Note that k G Ga is a generator 
if and only if u p is a local generator for every place p. As usual we say 
that M is G-represented by an X-lattice N in V, or that X G-represents 
M, if X contains a lattice in the the G-orbit of M. We say that a set \l/ 
of lattices G-represents M if some element of \I/ does. In this setting, we 
have the following proposition, whose proof is transliteration of the one in 
the number field case p], and therefore is omited. 

Proposition 9. In the above notations, let A' be an X-lattice in the G-genus 
of A. The lattice M is G -represented by the spinor genus of A' if and only 
if there exists a generator u for A\M such that p(A, A') = [Q(u),12\/K(X)}. 

□ 

We denote by H(A\M) the pre-image in Jx of the set of spinor norms Q(u) 
of all generators u for A\M. If K(X)*H(A\M) is a group, the corresponding 
class field is called the representation field F(A\M) for A\M. The spinor 
genus of a lattice A' represents M if and only if p(A, A') is trivial on F(A\M). 
The proof of the following fact is also completely analogous to the number 
field case ([10] and [3]): 

Proposition 10. The representation field always exist for lattices in quadratic 
or quaternionic skew-hermitian spaces. □ 

The corresponding result for orders in quaternion algebras follows from 
the case of quadratic forms just as in the number field case, but it cannot be 
extended to algebras of higher dimension [1] . 

It must be kept in mind, however, that the classification of the lattices 
in a genus into spinor genera is a much coarser invariant than in the number 
field the number of classes in a genus is usually infinite. The following 

example illustrate this: 
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Example B (continued). Let X and A be as in §4, but assume n = 4 
and the field of definition of X is F = ¥ q with q = 4t + 3. In particular, the 
space of global sections of L(B) is 

ApT) = O x (X) Vl + O x {X)v 2 + £ B (X)v 3 + Q- B (X)v A . 

By Riemann-Rochs Theorem, the F-dimension of A(X) tends to infinity with 
the degree of B. In particular there exists infinitely many classes of such 
lattices, while they belong to the same spinor genus as long as deg(S) is 
even. We claim that none of these lattices represents M = OxVs + Oxv± 
when B is not principal. In fact, if B fails to be principal, then either 
£ B (X) or £r B (X) has dimension 0, whence the space of global sections 
A(X) = [Ox(X) Vl + O x (X)v 2 ] JL U where U = £ B (X)v 3 + £- B (X)v 4 is 
the radical, and Z = Ox{X)v\ + Ox{X)v2 is anisotropic by the choice of 
q, while M(X) is a hyperbolic plane. We note however that the theory of 
representation by spinor genera tell us that half of the spinor genera in the 
genus of A must represent M. It is not hard to see that the image of the 
spinor norm in this case is H(A) = J' x O*k- It follows that there are more 
than one spinor genus representing M whenever the torsion subgroup of the 
Picard group of X has even order. In this case there must exist classes in 
the genus of A that are not in the class of any of the lattices L(B). 

Recall that an order of maximal rank in a central simple algebra %k(v) is 
said to be split if it represents the n-fold cartesian product Ox x • • • x Ox- 
A maximal X-order D in M. n (K) is split if and only if the corresponding 
vector bundle is a direct product of one dimensional vector bundles, i.e., it 
corresponds to an X-lattice of the type 

A = £ Bl x ••• x £ Bn . 

Note that if the order of diagonal matrices @ i OxE iti is contained in £), 
every diagonal matric unit E iti is a global section of D, an therefore D = 
JijEij for some invertible bundle Jjj C K, and the same holds for the 
rings of global sections. A simple computation shows Jjj = £, Bi ~ B J . An 
argument similar to that in the previous example can be used to prove next 
result: 

Proposition 11. If N is the total number of spinor genera of maximal X- 
orders in the matrix algebra M n (K), where K is the field of functions on 
a smooth projective curve X over a finite field, then at least ^ — 1 spinor 
genera contain non-split X-orders. 
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Proof. One particular example of split order is the maximal order D b corre- 
sponding to the X-lattice £ B x O x x • • • x X - We claim that 



1. Every spinor genera of maximal X-orders contains the order D B for 
some divisor B. 

2. The maximal orders Db and D D are in the same spinor genus if and 
only if B and D + nC are linearly equivalent for some divisor C. 

The stabilizer of the local maximal X-order D p is X*D* and its set of 
norms is K* n O*. We conclude that H(D) = JkO* a . It follows that the 
class group Jk/K*H(D) is isomorphic to the divisor group of X modulo 
n-powers. Observe that Dd = uDbW 1 where u = diag(6, 1, . . . , 1), and the 
idele b = n(u) G Jk satisfies div(fe) = D — B. It follows that ® D and D B 
are in the same spinor genus if and only if D — B is modulo n-powers in 
the divisor group of X. Furthermore, any spinor genera can be obtained in 
this way for an apropiate choice of b in J x / K{X)*H{D). In particular, every 
spinor genus contains a split order. 

It follows from the previous argumennt that the class modulo n of the 
divisor B depends only on the spinor genera of the maximal order Db- In 
particular, the degree of B is well defined for a particular spinor genus as an 
element of Z/nZ. We use this in all that follows. 

Let L be the only field extension of the finite field F of degree n. We 
claim that, if L embeds into D(X) for a split order D, then D = M n (O x )- 
In fact, let A = £ Bl x • • • x £ Bn be the lattice corresponding to D. Then 
D = {Z Bi ~ Bj )i t j. We define an order in the group of divisor classes by D -< C 
if D < C + div(/) for some / G K. Note that £ C ~ D has a non-trivial global 
section if and only if D -< C. We assume that the B^s have been re-arranged 
in a way that B n is minimal with respect to this order, and B r+ i, . . . , B n are 
all the divisors that are linearly equivalent to B n . Then any global section 
of D has the form 



dimension r < n over K, and therefore r = 0. 

Now, the proposition follows if we prove that for any divisor B such that 
deg-B = (mod n), there exists a maximal X-order D in the same spinor 
genus as Db fo r which there is an embedding L <—} D(X), since we know 
that D cannot be a split order unless B is principal. 




where A is an r-times-r block. It follows that Kh has a representation of 
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To prove this we let L = K~h = L £g>p K , and let Sj = L ®f Ox be the only 
maximal order in the i^-algebra L. Note that if Y is the projective curve 
over L defined by the same equations defining X over F, and <p : Y — > X is 
the natural morphism of schemes, then $) is the push-forward to X of the 
structure sheaf on Y. In particular S)(X) = L. 

Consider the natural embedding 

<P : Sj = L ® F C x M> M 2 (F) ® F C x = S) 

induced by an arbitrary embedding L e — >■ M 2 (F). Then the order ^' = 
is contained in some maximal order in the spinor genera of 2}^ if and only 
if we can write ®b = uDqu^ 1 where the image of the reduced norm n(u) 
in the quotient Jk/K*H(T>) coincide with the image of a generator. Note 
that if we identify L with the sub-algebra of 21 spanned by Sj', the group of 
invertible elements L\ (all of which are generators for is isomorphic 

to the group of ideles Jl of L, and the reduced norm n : Jl —> Jk is just 
the field norm Ul/k- It follows from Theorem 7 in chapter XIII of [IB], that 
Hl = K*riL/K(JL) is the kernel of the Artin map t [t,L/K] on ideles. 
In particular Hl has index at most n in Jk, and we can check that the 
divisor of every idele in Hi has degree in nL by computing the degrees of 
the generators. We conclude that H L is the group of all ideles whose divisors 
have degrees in nZ, whence the result follows. □ 

Remark 1. Since for every curve Pic(X) = ZxT where T = Pic°(X) is 
a finite group Q18J, §IV.4, Theorem 7), we conclude that J K /K*H(D) = 
(Z/nZ) x (T/nT). In particular, the bound in the proposition is \T/nT\ — 1. 

Remark 2. Assume for simplicity that K has odd characteristic and n = 2. 
Let B = div(6) be a divisor of even degree, with b G Jk- An order D in 
the same spinor genera as Db, representing the maximal order of L, is given 
as follows: Tchebotarev Density Theorem ([U], Thm. 9.13A) implies the 
existence of a place pel, such that any idele j, where j p is a uniformizer 
of K p , and j q = 1 if q ^ p, satisfies bj^ 1 G K*H(T>). Note that p has 
even degree, whence the field L embeds into K p . We may assume L = F(ii), 
where u is a root of x 2 = 5 for some 5 G F. Then hK embeds into Wl 2 (K) by 
sending u to the matrix ( ° J V Let P be the divisor corresponding to p. 

Then we may choose D = bQob^ 1 where b q is the identity matrix for q ^ p 
and 

K = A^ \)A^,^A{1 _°„)^(° J). 
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Note that det b = j. 



Example 1. When X = P 1 is the projective plane, the lower bound given 
by this result is 0, so in principle there could be no non-split X-orders in 
M n (iT). In fact, the Birkhoff-Grothendieck TheorerrH implies that every 
such X-lattice is a sum of X-lattices of rank 1. It follows that non-split 
orders fail to exist and the bound is sharp in this case. 

Example 2. Consider the plane curve X of genus 1 with projective equation 
y 2 z — x(x 2 — z 2 ) = over a finite field of odd characteristic. Then div(a;) = 
2(Pq — P 00 ), while there is no element in K = K(X) whose divisor is Pq — Poo, 
or such element would generate the field K. We conclude that Pic°(X) has an 
element of order 2, and therefore its order is even. We conclude the existence 
of at least one class of non-split maximal orders in M 2 (iv~), or equivalently, 
a non-split vector bundle defined over F. 
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